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We investigate unnatural-parity high-spin states in neutron-rich Cr and Fe isotopes using large-
scale shell-model calculations. These shell-model calculations are carried out within the model space
of fp-shell + 0g9/2 + 1d5/2 orbits with the truncation allowing 1~ω excitation of a neutron. The
effective Hamiltonian consists of GXPF1Br for fp-shell orbits and VMU with a modification for the
other parts. The present shell-model calculations can describe and predict the energy levels of both
natural- and unnatural-parity states up to the high-spin states in Cr and Fe isotopes with N ≤ 35.
The total energy surfaces present the prolate deformations on the whole and indicate that the
excitation of one neutron into the 0g9/2 orbit plays the role of enhancing the prolate deformation.
For the positive(unnatural)-parity states in odd-mass Cr and Fe isotopes, their energy levels and
prolate deformations indicate the decoupling limit of the particle-plus-rotor model. The sharp drop
of the 9/2+1 levels in going from N = 29 to N = 35 in odd-mass Cr and Fe isotopes is explained by
the Fermi surface approaching the ν0g9/2 orbit.
I. INTRODUCTION
The evolution of the shell structure in neutron-rich nu-
clei is one of the main interests of modern nuclear physics.
The neutron-rich fp-shell region has attracted particu-
lar attraction in this context because new neutron magic
numbers have recently been established. The subshell
closure at N = 32 is indicated from high 2+1 levels and
reduced B(E2, 0+1 → 2
+
1 ) values in
52Ca [1, 2], 54Ti [3, 4],
and 56Cr [5, 6] compared to neighboring isotopes. A
new subshell closure at N = 34 was observed in 54Ca
in 2013 [7], more than a decade after its prediction [8].
Evaluating the evolution of those shell gaps is facilitated
by advances in shell-model calculations for the full fp-
shell space [9, 10]. The appearance of the N = 32 and
N = 34 magic numbers in the proton-deficient region is
attributed to the tensor-force driven shell evolution [11].
The evolution of the shell gap at N = 40, one of
the main objectives of this paper, constitutes a key to
understanding the characteristic features of the nuclear
structure in the neutron-rich N ∼ 40 region. While the
N = 40 magicity seems to be rather stable in Ni isotopes
[12–14], it breaks down completely in Cr and Fe isotopes:
very low 2+1 levels and large B(E2, 0
+
1 → 2
+
1 ) values in
60−64Cr [15–18] and 66−68Fe [15, 18, 19] cannot be re-
produced without considerable neutron excitations across
the N = 40 shell gap [20–22]. Most recently, it has been
reported that the breakdown of the N = 40 magicity can
possibly be extended even to Ti isotopes [23] having less
proton-neutron quadrupole collectivity than the Cr and
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Fe isotopes. This abrupt nuclear-structure change from
Ni to lower-Z isotopes is analogous to what is observed
in the so-called “island of inversion” region around 32Mg
[24] where neutron excitation induces a large deforma-
tion. The evolution of the N = 40 shell gap contributes
greatly to the formation of the island of inversion in Cr
and Fe isotopes. Indeed, it is suggested in [22] that the
N = 40 shell gap reduces with a decreasing proton num-
ber in a similar way to the evolution of the N = 20 gap
proposed in [25]. The tensor force accounts for this re-
duction of the harmonic-oscillator shell gaps at N = 20
and 40 toward lower Z, and also plays a crucial role in
the occurrence of the spherical-oblate-prolate shape co-
existence in 68Ni through the Type-II shell evolution pro-
posed in [26].
While the evolution of the N = 40 shell gap thus causes
a number of intriguing phenomena, it is very difficult to
directly deduce this shell gap from the structure of the
Cr and Fe isotopes that belong to the island of inver-
sion. This is because low-lying states of those nuclei
are dominated by multi-particle multi-hole excitations,
and this property is not very sensitive to small changes
of the shell gap. On the other hand, the states domi-
nated by one-particle one-hole (1p-1h) excitation provide
more direct information on the N = 40 shell gap, when
those levels are compared to the 0p-0h states. For Cr
and Fe isotopes, low-lying unnatural-parity states with
N ≤ 35 are regarded as such 1p-1h states because low-
lying natural-parity states in this region are excellently
described within the fp-shell configurations [9]. The nu-
clear properties of unnatural-parity states in Cr and Fe
isotopes in the last decade have been measured mainly
from γ-ray spectroscopy experiments. Important find-
ings from recent experiments include a sharp drop of the
29/2+1 levels in going from N = 29 to N = 35 observed in
Cr and Fe isotopes [27–31]. If this change in energy level
is an indication of a sharp evolution of the 0g9/2 orbit
with an increasing neutron number as suggested in [20],
the driving force of the evolution needs to be clarified.
Another significant nuclear-structure issue in the
unnatural-parity states in Cr and Fe isotopes is their nu-
clear shapes; in particular, how these shapes are polar-
ized by an additional neutron in the 0g9/2 orbit. The
development of deformation is indicated experimentally
from the regular spacing between ∆I = 2 energy levels
observed up to high-spin states [27, 28, 30–32]. While
various models show the dominance of prolate deforma-
tion in the ground states of Cr isotopes (see [33] for in-
stance), an oblate deformation in the unnatural-parity
band of 59Cr has been suggested in [29] from the observed
isomeric 9/2+ state located at 503 keV, which should be
the lowest among unnatural-parity states. This level is
interpreted naively as the bandhead of the K = 9/2 in-
trinsic state, which appears to be the lowest for oblate
deformation. On the other hand, a recent study with
a projected shell-model calculation has shown that pro-
late deformation is favored based on comparison with
experimental data [34]. A similar isomeric 9/2+ state
is observed in 61Fe, and its magnetic moment [35] and
absolute value of quadrupole moment [36] support pro-
late deformation according to the particle-triaxial-rotor
model [31]. More elaborate systematic calculations in-
corporating various degrees of freedom for deformation
and configuration help draw a definite conclusion about
the shape evolution in Cr and Fe isotopes.
In this paper, we report on systematic large-scale shell-
model calculations for natural-parity and unnatural-
parity states in Cr and Fe isotopes for N ≤ 35, by clarify-
ing the structure of their 0p-0h and 1p-1h bands. Using
a combination of known effective interactions that are
slightly modified, we achieve excellent agreement with
experiment in the whole region studied. This highly de-
scriptive power enables extracting shell and shape evolu-
tions in this region. This paper is organized as follows.
In Sec. II, we present our theoretical framework includ-
ing the effective Hamiltonian to be used in this work. In
Sec. III, first, we show the results of the energy levels for
neutron-rich Cr and Fe isotopes; secondly, we discuss the
deformation for the natural- and unnatural-parity states
in these nuclei. In Sec. IV, we discuss how the ν0g9/2
orbit evolves in this mass region by using theoretical and
experimental information. Conclusions of this study are
given in Sec. V.
II. THEORETICAL FRAMEWORK
A. Shell-model calculation
In the mass region of Z orN from 20 to 40, the natural-
parity states with pi = +(−) for even(odd)-mass nuclei
are usually described well within the fp-shell model space
with the 40Ca inert core. However, the unnatural-parity
states with pi = −(+) for even(odd)-mass nuclei cannot
be described within one major fp shell. In the quasi-
SU3 model [37], the pairs of ∆j = 2 orbits of a major
shell describe quadrupole collectivity. Hence, we choose
the 0g9/2 and 1d5/2 orbits and add them to the fp-shell
model space. In the present shell-model calculation, the
model space is composed of fp-shell (0f7/2, 0f5/2, 1p3/2,
1p1/2) + 0g9/2 + 1d5/2 orbits. To focus on the states
dominated by 1p-1h excitation across the N = 40 shell
gap, a truncation is introduced so that one neutron is
allowed to occupy the 0g9/2 or 1d5/2 orbit, which means
that the 1~ω excitation of a neutron to the gds shell
occurs in only unnatural-parity states.
The present shell-model Hamiltonian has the following
form which consists of one- and two-body terms:
H =
∑
i
εic
†
ici +
∑
i<j,k<l
Vijkl c
†
i c
†
jclck + βc.m.Hc.m.,(1)
where εi and Vijkl represent the bare single-particle
energy and the two-body matrix element, respectively,
c†i (ci) denotes a creation(annihilation) operator of a nu-
cleon in a single-particle orbit i, and βc.m.Hc.m. is the
term proposed by Gloeckner and Lawson to remove the
spurious center-of-mass motion due to the excitation be-
yond one major shell [38]. The parameter of βc.m. is
applied as βc.m.~ω/A = 10 MeV, where A is the mass
number: A = Z + N . We take ~ω from the empirical
value: ~ω = 41.0A−1/3 MeV.
In the present work, the Hamiltonian matrix with an
M scheme is diagonalized by the thick-restart Lanczos
method with MSHELL64 code [39] for the dimension of
the matrix below 109 and KSHELL code [40] for the di-
mension over 109.
B. The effective Hamiltonian
In this subsection, we explain the details of the effec-
tive Hamiltonian in Eq. (1) in the present work. For
the shell-model calculations within the fp-shell model
space, the GXPF1A Hamiltonian [41] is often applied to
reproduce and to predict the properties of nuclei in the
region of Z or N from 20 to 40. Recently, the GXPF1A
Hamiltonian has been improved to explain the observed
energy levels in neutron-rich Ca isotopes: GXPF1B [42]
with the modification of five T = 1 two-body matrix
elements and the bare single-particle energy which in-
volve the 1p1/2 orbit from GXPF1A, and GXPF1Br
[7] with the modification of the monopole interaction
for 〈0f5/21p3/2|V |0f5/21p3/2〉T=1 from GXPF1B. The
GXPF1B Hamiltonian can reproduce the energy levels
of 51,52Ca, and the GXPF1Br Hamiltonian can repro-
duce those of 53,54Ca besides 51,52Ca. Here, we adopt
the newest effective Hamiltonian, GXPF1Br, for fp-shell
orbits. For neutron 1~ω excitation to the 0g9/2 or 1d5/2
orbits, we create the cross-shell two-body interaction be-
tween the fp-shell and gds-shell orbits from VMU [43],
3which has the central force of a simple Gaussian form
and the tensor force of the pi + ρ mesons exchange force
to reproduce the monopole properties of the shell-model
Hamiltonian in sd and fp shells. We utilize VMU with
the refinement [44] by adding the M3Y spin-orbit force
[45] and the density dependence for the central force de-
scribed in [46]. All two-body matrix elements are scaled
by (A/42)−0.3 as the mass dependence.
In addition to the cross-shell two-body interaction, the
bare single-particle energies with the 40Ca inert core for
the 0g9/2 and 1d5/2 orbits need to be determined. The
bare single-particle energy of 0g9/2 is determined so as to
reproduce the excitation energy of 9/2+1 states system-
atically. However, determining the bare single-particle
energy of 1d5/2 is more difficult than that of 0g9/2. The
single-particle property of the 1d5/2 orbit in this mass
region is masked. In fact, the experimental spectroscopic
factors of the 5/2+1 state in neutron-rich odd-mass Cr and
Fe nuclei are rather small in comparison with those of the
9/2+1 state [47–49]. Here, we assume that the bare single-
particle energy of 1d5/2 is equal to that of 0g9/2. This
assumption is considered to be reasonable because the
splitting of the effective single-particle energies between
0g9/2 and 1d5/2 for nuclei taken in this study, around 2
MeV, is close to the phenomenological gds-shell orbits
splitting in this mass region [50]. In the present work,
the bare single-particle energy of 0g9/2 (= that of 1d5/2)
is determined so as to be fitted to reproduce the excita-
tion energies of 9/2+1 in
55,57,59Cr. The resulting value is
0.793 MeV.
Figure 1 shows the energy levels of 57Cr and the results
of the shell-model calculations with the above mentioned
Hamiltonian. As seen in Fig. 1, the fp shell-model calcu-
lation with GXPF1Br reproduces the negative(natural)-
parity states quite well and GXPF1Br + VMU without
modification reproduces the positive(unnatural)-parity
states reasonably well. For further improvement, we
change the cross-shell two-body matrix elements by
−1.0 MeV for 〈0g9/20f5/2 |V | 0g9/20f5/2〉J=2,3, T=1 and
by +1.0 MeV for 〈0g9/20f5/2 |V | 0g9/20f5/2〉J=6,7, T=1.
This modification increases the energy intervals in the
positive-parity band by about 15% as a whole. These
results labeled GXPF1Br + VMU(modified) in Fig. 1
agree with the experimental data within ∼500 keV. In
the following, we present the results for Cr and Fe iso-
topes with the new effective Hamiltonian, GXPF1Br +
VMU(modified).
III. RESULTS AND DISCUSSION
A. Energy levels
The results of the present shell-model calculation with
GXPF1Br + VMU(modified) are compared with the ex-
perimental data for Cr and Fe isotopes. We focus here
on the lowest states for a given spin I and parity pi = ±.
The results for odd-mass and even-mass nuclei are shown
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FIG. 1. (Color online) Shell-model results and experimental
data of the energy levels of 57Cr. The experimental data
labeled “57Cr(exp)” are taken from [28].
in Figs. 2 and 3, respectively, where the unnatural-parity
states are classified into two ∆I = 2 sequences.
For the odd-mass 55−59Cr and 57−61Fe, as seen in
Fig. 2, the negative-parity states are described well by the
shell-model calculation within the fp-shell model space.
Furthermore, almost all of the observed positive-parity
states are reproduced excellently by the present shell-
model calculation. For the highest-spin 37/2+1 state in
57Cr, the backbending indicated by the small energy in-
terval between the 37/2+1 and 33/2
+
1 [51] is not well re-
produced in this calculation. This shows the limitation
of description within the present model space and trun-
cation. The theoretical results show that the 1/2+1 and
5/2+1 states lie at higher energy than the 9/2
+
1 state in
each nucleus. This means that each 9/2+1 state is the
lowest state in its band. Actually, the 9/2+1 and 5/2
+
1
states observed in 55Cr and 57,59Fe are almost degener-
ate. The present shell-model calculation predicts that
the other positive-parity band including 7/2+1 , 11/2
+
1 , ...
is located higher than 13/2+1 in each nucleus.
For even-mass 56,58Cr and 58,60Fe, as seen in Fig. 3,
the present calculation excellently describes the positive-
and negative-parity states except for some of the high-
spin states and the 3−1 states. The observed 3
−
1 states lie
at slightly lower energies than the calculated ones, which
may indicate that these 3−1 states are described not as a
single particle-hole configuration but as collective states,
for instance octupole vibrational states. The relative po-
sitions of the negative-parity odd-I and even-I bands are
well reproduced with the present calculation. In 58Fe, for
instance, the 6−1 and 8
−
1 levels are located higher than the
7−1 and 9
−
1 levels, respectively, whereas higher-spin states
follow the regular ordering according to spin. In contrast,
we predict that the ∆I = 1 partners such as 6−1 and 7
−
1
lie very close up to high-spin states for 56Cr.
One of the interesting features for these Cr and Fe nu-
clei is that the level spacing between ∆I = 2 of the band
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FIG. 2. (Color online) Calculated and experimental energy levels of the lowest states for each spin and parity in odd-mass
Cr and Fe isotopes. In each panel, the left and right present the calculated and experimental energy levels, respectively. The
experimental data are taken from [28–32, 47–49, 51].
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FIG. 3. (Color online) Calculated and experimental energy levels of the lowest states for each spin and parity in even-mass
Cr and Fe isotopes. The notation is the same as in Fig. 2. The experimental data are taken from [30, 51–55]. In 58Fe, the
experimental negative-parity states, except for the 3−1 and 4
−
1 states, are taken from Band 2 and 3 in [52], where these states
are discussed based on the projected shell-model calculation [56] interpreting them as negative-parity states.
built on 9/2+1 in the odd-mass A nuclei is similar to that
of the 0+1 band in the neighboring even-mass A − 1 nu-
clei. For 56−57,58−59Cr, in Fig. 4, we compare the level
spacing of the positive-parity yrast states between even-
and odd-mass nuclei, which has already been discussed
for 54−55Cr [27] and 56−57,58−59,60−61Fe [31]. One can see
the similar level spacing between the yrast band in even-
mass nuclei and the band of the 9/2+1 in odd-mass nuclei.
Although the experimental information for the high-spin
states in 59Cr is not enough, the present calculation pre-
dicts this similarity of the level spacing between 58−59Cr.
This level structure indicates the decoupling limit of the
particle-plus-rotor model [57, 58] as discussed in the next
subsection.
B. Deformations
In this subsection, we discuss the deformations for
natural- and unnatural-parity states in neutron-rich Cr
and Fe nuclei in terms of their intrinsic quadrupole mo-
ments. There is no straightforward way to determine the
intrinsic quadrupole moments with the shell-model cal-
culations because the shell-model wave functions are de-
scribed in the laboratory frame. Here we probe deforma-
tions from two different approaches. One is approximat-
ing the wave function in the intrinsic frame. The other is
extracting intrinsic deformations from shell-model wave
functions using the geometric model.
The intrinsic-frame approximation in the shell model
is often performed with the Q-constrained Hartree-Fock
method [59, 60]. This method is, however, not suitable
for deducing intrinsic wave functions for unnatural-parity
states which are usually located higher than natural-
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FIG. 4. (Color online) Comparison between the level spacing
of the yrast bands in 56,58Cr and the bands built on 9/2+1 in
57,59Cr.
parity states. In the present study, we calculate the to-
tal energy surfaces separately for positive- and negative-
parity states by performing the Q-constrained Hartree-
Fock calculation with variation after parity projection.
We utilize the parity-projected wave function |Φpi〉 writ-
ten as
|Φpi〉 =
1 + piΠ
2
|Φ〉, |Φ〉 =
Nf∏
i
(
Ns∑
l
Dli c
†
l
)
|−〉, (2)
where Π represents the space-reflection operator, pi
denotes the parity, pi = ±, Nf and Ns represent
the numbers of the valence particles and the single-
particle orbits in the model space, respectively, and
|−〉 denotes an inert core. The coefficients D in
|Φ〉 of Eq. (2) are determined to minimize the energy
〈Φpi|H |Φpi〉/〈Φpi|Φpi〉 with the constraints of quadrupole
moments 〈Q0〉 = 〈Φ
pi|Q0|Φ
pi〉/〈Φpi|Φpi〉 and 〈Q2〉 =
〈Φpi|Q2|Φ
pi〉/〈Φpi|Φpi〉, where the intrinsic axes are cho-
sen to satisfy 〈Φpi|Q±1|Φ
pi〉 = 0. Qµ is the µ component
of the mass quadrupole operator. Note that the wave
function of Eq. (2) is solved by using the shell-model
Hamiltonian.
The total energy surfaces for the negative- and
positive-parity states in odd-mass 55−59Cr and 57−61Fe
are shown in Fig. 5. Those energy surfaces indicate
the dominance of prolate deformation. For the negative-
parity states, the quadrupole moments at the energy min-
ima are around 100 fm2. For the positive-parity states,
those values are enlarged to be around 120 fm2. The wave
functions near the energy minima of the positive-parity
energy surfaces are dominated by the excitation of one
neutron into the 0g9/2 orbit. This confirms the validity
of the truncation of the model space introduced in this
study. While the one-neutron excitation into the 0g9/2
orbit induces larger deformation by ∼ 20%, the shape is
not changed significantly. In 59Cr, the energy surfaces
are γ-soft for both negative- and positive-parity states.
In 61Fe, γ-softness is seen for the positive-parity state.
For the positive-parity state of 59Fe, triaxiality is well
developed.
The situation of the even-mass Cr and Fe nuclei is
very similar to that of the odd-mass nuclei as seen in
Fig. 6. These energy surfaces indicate the dominance
of prolate deformation. For the negative-parity states in
even-mass nuclei, larger prolate deformations are induced
by the excitation of one neutron into the ν0g9/2 orbit. In
58Fe, triaxiality is developed for both the positive- and
negative-parity states as suggested by the γ-vibrational
band [52, 61]. In 60Fe, triaxiality is developed for the
negative-parity state.
The intrinsic quadrupole moment Q0 can also be de-
duced from the spectroscopic quadrupole moment QS by
assuming the K quantum number [50] as
QS =
3K2 − I(I + 1)
(I + 1)(2I + 3)
Q0, (3)
where I denotes the spin of the state. QS is an observ-
able and is also calculated directly by the shell model.
We calculate QS with the effective charges epi = 1.5e
and eν = 0.5e. The results for the band members start-
ing from 9/2+1 are shown in Fig. 7, together with the
experimental data for the 9/2+1 state in
61Fe [36]. The
calculation reasonably reproduces the measured value. It
should be noted that the magnetic moment of this state
−1.031(9)µN [35] is also close to the calculated value
−0.934µN using the free-nucleon g factors.
Since Q0 is identical among the members of an ideal
rotor, the stability of Q0 within a band provides a key
to determining the intrinsic state. Here, we take the
two possibilities of K for the band members built on
9/2+1 : K = 1/2 and 9/2 correspond to prolate and
oblate shapes, respectively. Figure 7 shows the intrin-
sic quadrupole moment Q0 assuming K = 1/2 for odd-
mass nuclei 55−59Cr and 57−61Fe. As seen in Fig. 7, the
Q0 value is nearly constant in Cr isotopes, whereas it
decreases for high-spin states in Fe isotopes. This de-
crease might be due to change in shape or K number, as
suggested by the predicted backbending in the 29/2+1 of
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61Fe (see Fig. 2). If K = 9/2 is assumed, on the other
hand, we find a singular behavior of the Q0 value for each
nucleus: the Q0 value is about −600 e fm
2 in the 13/2+1
state and it suddenly transits into the large positive value
of about 600 e fm2 in the 17/2+1 state.
The intrinsic quadrupole moment Q0 is also connected
to the B(E2, I → I − 2) value [50]:
B(E2, I → I − 2) =
5
16pi
(〈IK20|I − 2 K〉)2Q20, (4)
where 〈IK20|I − 2 K〉 denotes the Clebsch-Gordan co-
efficient. Note that the sign of Q0 cannot be determined
using Eq. (4). We calculate the B(E2) values with the
same effective charges as the ones used for QS. The
lowest panels of Fig. 7 show the absolute values of Q0
solved by Eq. (4) under the assumptions of K = 1/2
and K = 9/2. The present calculation reproduces the
experimental B(E2, 13/2+1 → 9/2
+
1 ) in
59Fe. Similar to
QS , the B(E2) values lead to much more stable intrinsic
quadrupole moments with K = 1/2 than with K = 9/2.
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9Although the mixing of the K quantum numbers occurs
in reality due to the Coriolis effect, the present calcu-
lation supports the dominance of K = 1/2 rather than
K = 9/2 and thus prolate deformation for the odd-mass
Cr and Fe nuclei studied.
We point out here that the overall prolate deformation
in the positive-parity states of 55,57,59Cr and 57,59,61Fe
is indeed suggested by the measured energy levels, ac-
cording to the analysis of the particle-plus-rotor model
presented in [57, 58]. It is quite reasonable to apply the
particle-plus-rotor model in which the last neutron occu-
pies the j = 9/2 orbit because the 9/2+1 states of those
nuclei have rather large ν0g9/2 spectroscopic factors as
presented in the next section. The level structure realized
by the particle-plus-rotor model strongly depends on the
strength of the Coriolis term relative to the Ω2 term (orig-
inating from the Nilsson levels and recoil term), where Ω
is the projection of the angular momentum j of an or-
bit onto the symmetry axis. We here consider the case
where the j orbit is occupied by the last nucleon alone.
For oblate deformation having the maximum Ω (= j),
the Coriolis term is less dominant because its matrix el-
ement is proportional to (j(j + 1)− Ω2)1/2. The energy
levels then follow the strong-coupling limit of I(I+1)/2I
(I = Ω,Ω+1,Ω+2, . . .), where I is the moment of inertia.
For prolate deformation, on the other hand, the Coriolis
term can dominate over the Ω2 term especially when a
high-j orbit is involved. The energy levels in this case fol-
low the decoupling limit of (I−α)(I−α+1)/2I, where α
is the projection of j onto the rotation axis. The lowest-
lying states take the largest possible α. Since symmetry
considerations require I − α to be even, favored states
with α = j consist of I = j, j+2, j+4, . . . and unfavored
states with α = j− 1 consist of I = j+1, j+3, j+5, . . ..
As a result, two major differences arise between prolate
and oblate shapes. One is that the splitting of the fa-
vored and unfavored states is seen only for prolate de-
formation. The other is that energy spacings in the
I = j, j+2, j+4, . . . levels are identical with those of even-
even core, 0+, 2+, 4+, . . ., for prolate deformation but are
much wider for oblate deformation. Those differences are
also obtained from a microscopic calculation using the
projected shell model [34]. The observed levels shown in
Figs. 2 and 4 clearly support the decoupling limit which
is realized for prolate deformation. Oblate deformation
is quite unlikely but might not be completely excluded
if deformation is small. Measuring unfavored states will
provide additional information on shape.
IV. EVOLUTION OF THE ν0g9/2 ORBIT
In this section, we examine what causes the sharp drop
of the 9/2+1 level with increasing neutron number ob-
served in Cr and Fe isotopes. A particular attention is
paid to the relation to the evolution of the ν0g9/2 orbit.
For this purpose, we also investigate the 9/2+1 levels in
Ni isotopes, which should more directly reflect spherical
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FIG. 8. (Color online) The excitation energy of 9/2+1 in odd-
mass Cr, Fe and Ni isotopes from N = 29 to N = 35. The
plots labeled “(cal)” and “(exp)” represent the present results
and the experimental data, respectively. The plots labeled
“(cal not modified)” show the results without the modifica-
tion of the two-body matrix elements described in Sec. II B.
The experimental data are taken from [27–31, 47–49, 62–64].
In 55Fe, the state of 3.86 MeV excitation energy in [47] is
adopted as the experimental 9/2+ state because it has the
largest spectroscopic factor of 9/2+ in the (d, p) reaction.
single-particle structure. It is noted that the maximum
M -scheme dimension reaches 1.8× 1010 for 59Ni.
We first confirm the descriptive power of our approach.
Figure 8 shows the results of the excitation energy of
9/2+1 from N = 29 to N = 35. The sharp drop of 9/2
+
1
is reproduced quite well in the present calculations. Al-
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TABLE I. Spectroscopic factors of ν0g9/2 and ν1d5/2 parti-
cle states for 9/2+1 and 5/2
+
1 , respectively. The experimental
values labeled “exp” are taken from the data of the (d, p) reac-
tion [65–84], the (α,3He) reaction [85], the (7Li,6 Li) reaction
[86], and the (14C,13 C) reaction [87]. Experimental excita-
tion energies of 5/2+ in 53Cr and 55Fe are 4.13 MeV and 4.46
MeV, respectively. Calculated excitation energies of 5/2+1 are
5.09 MeV and 5.19 MeV for 53Cr and 55Fe, respectively.
C2S(9/2+1 ) cal exp
53Cr 0.564 0.520 [65], 0.95 [66], 0.57 [67]
55Cr 0.458 0.67 [66], 0.582 [68]
57Cr 0.479 -
59Cr 0.498 -
55Fe 0.568 0.74 [69], 0.465 [70], 0.375 [85],
0.67 [86]
57Fe 0.494 0.270 [71], 0.447 [72]
59Fe 0.442 0.510 [73], 0.38 [74]
61Fe 0.527 -
57Ni 0.611 -
59Ni 0.580 0.84 [75], 0.47 [76], 0.56 [74],
0.381 [77], 0.390 [85], 0.69 [87]
61Ni 0.503 0.62 [78], 0.750 [79], 0.8450 [80],
0.537 [81]
63Ni 0.446 0.61 [69], 0.672 [82], 0.75 [83],
0.75 [84]
C2S(5/2+1 ) cal exp
53Cr 0.161 0.090 [65], 0.13 [66], 0.10 [67]
55Cr 0.142 0.225 [66], 0.145 [68], 0.17 [74]
57Cr 0.148 -
59Cr 0.152 -
55Fe 0.117 0.172 [69], 0.079 [70], 0.13 [67],
0.25 [86]
57Fe 0.120 0.110 [71], 0.114 [72]
59Fe 0.113 0.128 [73], 0.11 [74]
61Fe 0.133 -
though the evolution of the 9/2+1 level is improved, as well
as the high-spin levels, by the modification of the Hamil-
tonian introduced in Sec. II B, its basic trend is already
seen without the modification. Thus, the VMU interac-
tion gives a reasonable evolution of the ν0g9/2 orbit, if
the 9/2+1 levels are of single-particle origin. Besides Cr
and Fe isotopes, the present calculation also reproduces
the systematics of 9/2+1 in Ni isotopes. This shows wide
applicability of the present Hamiltonian in this mass re-
gion.
The single-particle properties of the odd-mass Cr, Fe
and Ni isotopes are probed from the spectroscopic fac-
tors for neutron transfer reactions. The measured spec-
troscopic factors are compared to the calculated values
in Table I. While the experimental values scatter in some
nuclei, the present calculation well reproduces their sys-
tematic behavior: ∼ 0.5 for the 9/2+1 states and 0.1-0.2
for the 5/2+1 states. This indicates that these 9/2
+
1 states
are the single-particle-like states but that the 5/2+1 states
are not. Hence, the excitation energy of 9/2+1 in these
nuclei is influenced directly by the location of the ν0g9/2
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FIG. 9. (Color online) The effective single-particle energies
(ESPEs) of a neutron for Cr and Fe isotopes. The open circles
represent the ESPEs calculated as the hole states to specify
the occupied states.
orbit.
Neutron effective single-particle energies (ESPEs) [88]
in Cr and Fe isotopes are displayed in Fig. 9 using the
present Hamiltonian. The ESPEs of ν0g9/2 are rather
constant with increasing neutron number, and so are the
shell gaps between the fp shell and ν0g9/2. This indi-
cates that the evolution of the 9/2+1 level is explained
by the Fermi surface approaching the ν0g9/2 orbit with
increasing neutron number. This is in contrast to the re-
sult of a previous shell-model study [20] in which this
evolution occurs due to the lowering of the 0g9/2 or-
bit. This lowering was realized in [20] by shifting the
T = 1 monopole interaction between 0p3/2 and 0g9/2 by
−1.0 MeV. It should be noted that the T = 1 j 6= j′
monopole matrix elements in realistic interactions are in
general rather small [43].
The evolution of the ν0g9/2 orbit can be probed from
experimental energies. Namely, in the independent-
particle limit, the ν0g9/2 single-particle energy is identi-
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FIG. 10. (Color online) Plots of −Sn + Ex(9/2
+
1 ). Exper-
imental one-neutron separation energies Sn are taken from
[47–49, 62–64]. Coulomb energy is corrected in the calculated
Sn according to [9].
cal with the energy of the 9/2+1 state measured from the
adjacent even-even core nucleus, −Sn + Ex(9/2
+
1 ). This
idea can be extended to deformed single-particle energies.
In Fig. 10, the −Sn+Ex(9/2
+
1 ) values are compared be-
tween the experimental data and the present calculation.
The observed stabilities in −Sn+Ex(9/2
+
1 ) along the Cr,
Fe and Ni isotopic chains suggest that the ν0g9/2 single-
particle energies are kept nearly constant as shown in
Fig. 9.
V. CONCLUSIONS
We have investigated unnatural-parity high-spin states
in neutron-rich Cr and Fe isotopes by large-scale shell-
model calculations for the model space of fp-shell + 0g9/2
+ 1d5/2 orbits with the truncation allowing 1~ω excita-
tion of a neutron. The effective Hamiltonian is composed
of GXPF1Br for fp-shell orbits and a modified VMU for
the other parts. The shell-model calculations with the
present Hamiltonian can describe and predict the energy
levels of both natural- and unnatural-parity states up to
the high-spin states in Cr and Fe isotopes with N ≤ 35.
This shell-model calculation has shown that the 9/2+1
states are the lowest positive-parity states in the odd-
mass nuclei and the level spacings of the bands built on
9/2+1 in the odd-mass A nuclei are similar to those of the
0+1 bands in the neighboring even-mass A− 1 nuclei.
We have also discussed the deformations of Cr and
Fe isotopes by utilizing the Q-constrained Hartree-Fock
calculation with variation after parity projection. This
study has indicated that the present Cr and Fe nuclei
have the prolate deformations on the whole. In these
energy surfaces, the excitation of one neutron into the
ν0g9/2 orbit plays the role of enhancing the prolate de-
formation. The electric intrinsic quadrupole moments
Q0, which are calculated by using the electric spectro-
scopic quadrupole moments QS and the B(E2) values
obtained in the shell-model calculation, have supported
the prolate deformations of the states in the band built
on 9/2+1 in odd-mass Cr and Fe nuclei and have indi-
cated that their dominant K quantum number is 1/2.
This situation corresponds to the decoupling limit of the
particle-plus-rotor model, which can explain the system-
atics of the positive-parity level schemes in these Cr and
Fe nuclei.
In the present calculation, the effective single-particle
energies of ν0g9/2 in Cr and Fe isotopes are rather con-
stant in the region with N ≤ 35, which means very weak
attraction between the fp-shell orbits and 0g9/2 orbit as
given by VMU. We have shown that this can be confirmed
from the one-neutron separation energy (Sn) and the ex-
citation energy of 9/2+1 (Ex(9/2
+
1 )). This result indicates
that the sharp drop of the 9/2+1 levels in the Cr and Fe
nuclei in this mass region is explained by the Fermi sur-
face approaching the ν0g9/2 orbit with the increase of
neutron number.
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